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ALMOST NEF REGULAR FOLIATIONS AND
FUJITA’S DECOMPOSITION OF REFLEXIVE SHEAVES
MASATAKA IWAI
Abstract. In this paper, we study almost nef regular foliations. We give a struc-
ture theorem of a smooth projective variety X with an almost nef regular foliation
F : X admits a smooth morphism f : X → Y with rationally connected fibers such
that F is a pullback of a numerically flat regular foliation on Y . Moreover, f is
characterized as a relative MRC fibration of an algebraic part of F . As a corollary,
an almost nef tangent bundle of a rationally connected variety is generically ample.
For the proof, we generalize Fujita’s decomposition theorem. As a by-product, we
show that a reflexive hull of f∗(mKX/Y ) is a direct sum of a hermitian flat vec-
tor bundle and a generically ample reflexive sheaf for any algebraic fiber space
f : X → Y . We also study foliations with nef anti-canonical bundles.
Contents
1. Introduction 1
2. Preliminaries 4
2.1. Foliations 4
2.2. Algebraic parts and transcendental parts of foliations 6
2.3. Slopes of torsion-free coherent sheaves 8
2.4. Algebraic positivities of torsion-free coherent sheaves 9
3. Fujita’s decomposition 11
4. Almost nef regular foliations 13
4.1. Structure theorems of almost nef regular foliations 13
4.2. Positive parts and algebraic parts of almost nef regular foliations 14
4.3. Classifications of almost nef regular foliations on surfaces 17
5. Foliations with nef anti-canonical bundles 18
A. Appendix 21
References 22
1. Introduction
The structure theorem of smooth projective varieties with nef tangent bundles
was established by Campana-Peternell and Demailly-Peternell-Schneider in [CP91]
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and [DPS94] after the Hartshorne conjecture had been solved by Mori in [Mor79].
These works suggest that the structures of algebraic varieties are restricted when
the tangent bundles have algebraic positivities. Recently, these related studies have
been extensively investigated by [LOY19], [Iwa18], [HIM19], and so on.
On the other hand, even if the tangent bundle TX of a smooth projective variety
X contains a subsheaf F with some algebraic positivity, then the structure of X is
expected to be restricted. In [AW01] and [Liu19], if TX contains a rank r ample
subsheaf F , then X is isomorphic to CPn and F is isomorphic to either TCPn or
OCPn(1)
⊕r. In a recent paper [LOY20], if TX contains a rank r strictly nef locally
free subsehaf F , then X admits a CPd-bundle structure f : X → Y for some integer
d ≥ r such that either F is isomorphic to TX/Y , or F is numerically projectively flat
and F|CPd
∼= OCPd(1)
⊕r on any fiber of f .
In [Pet01], Peternell proposed the following problem.
Problem 1.1. [Pet01, Problem 4.18] Let F ⊂ TX be a locally free (or reflexive) sheaf.
What can be said on the structure of X if F is nef, pseudo-effective, or almost nef?
In this paper, we give a partial answer to Problem 1.1.
Theorem 1.2 (=Theorem 4.1 and Corollary 4.2). Let X be a smooth n-dimensional
projective variety and F ⊂ TX be a rank r almost nef regular foliation with c1(F) 6=
0. Then there exist a smooth morphism f : X → Y between smooth projective
varieties and a numerically flat regular foliation G ⊂ TY on Y , such that all fiber of
f is rationally connected, F = f−1G, and
0 // TX/Y // F // f
∗G // 0.
Moreover, the followings hold.
(1) If F is ample, then X is isomorphic to CPn.
(2) If F is nef, then all fiber of f is Fano.
(3) If F is V-big, then F = TX/Y and all fiber of f is isomorphic to CP
r.
(4) If F is nef and V-big, then X is isomorphic to CPn.
Furthermore, f is characterized as a relative MRC fibration of the algebraic part
of F (see Theorem 4.6). We point out that a foliation F is regular if F is a subbundle
of TX , and that f
−1G is a pull-back of G via f (see Chapter 2.2). Notice that (1) in
Theorem 1.2 have already been proved by [AW01] and [Liu19]. In [Liu19, Theorem
3.9], if a subsheaf F ⊂ TX is ample, then a saturation of F in TX is an algebraically
integrable foliation. For this reason, the assumption that F is a foliation in Theorem
1.2 seems not to be so strong.
In [HP19, Theorem 1.8], if a reflexive sheaf F is almost nef and c1(F) = 0, then F
is numerically flat. Therefore the classifications of almost nef regular foliations can
be reduced to the classifications of regular foliations with vanishing Chern classes.
These foliations were deeply studied in [PT13], [Dru17b], and so on. In Section 4.3,
we classify almost nef regular foliations on smooth projective surfaces.
We have the following corollary. This is a partial answer to a conjecture by
Peternell in [Pet12, Conjecture 4.12].
Corollary 1.3 (=Corollary 4.7). Let X be a smooth n-dimensional projective variety
and F ⊂ TX be a foliation on X. Assume that TX is almost nef. Then F is induced
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by a smooth MRC morphism if and only if µminα (F) > 0 and KF ≡ KX , where
α = H1 · · ·Hn−1 for some ample divisors H1, . . . , Hn−1 on X.
In particular, if TX is almost nef and X is rationally connected, then TX is
(H1, . . . , Hn−1)-generically ample for any ample divisors H1, . . . , Hn−1 on X.
By [DPS01], [HP19], and the argument of [HIM19, Theorem 1.1], if TX is almost
nef, then we can take an MRC fibration of X as a smooth morphism. By Corollary
1.3, an MRC fibration is characterized by slopes and canonical divisors.
For the proof of Theorem 1.2, we generalize Fujita’s decomposition theorem in
[Fuj77] and [CD17]. An original Fujita’s decomposition theorem states that, for any
algebraic fiber space f : X → C to a smooth projective curve, f∗(KX/C) is a direct
sum of a unitary flat vector bundle and an ample vector bundle. In [CK19], Fujita’s
decomposition theorem over higher dimensional base was studied. We establish a
generalization of Fujita’s decomposition theorem for almost nef vector bundles and
reflexive coherent sheaves which have positively curved singular hermitian metrics.
As a by-product, we get the following theorem.
Theorem 1.4 (=Corollary 3.5). Let f : X → Y be a surjective Ka¨hler morphism
with connected fibers from a compact Ka¨hler manifold X to a smooth d-dimensional
projective variety Y . For any positive integer m, there is a unique decomposition
(f∗(mKX/Y ))
∨∨ ∼= Q⊕G,
where Q is a hermitian flat vector bundle and G is an (H1, . . . , Hd−1)-generically
ample reflexive coherent sheaf for any ample divisors H1, . . . , Hd−1 on Y .
In particular, if Y is a curve, for any positive integer m, there is a unique decom-
position
f∗(mKX/Y ) ∼= Q⊕G,
where Q is a hermitian flat vector bundle and G is an ample vector bundle.
Notice that (f∗(mKX/Y ))
∨∨ is a reflexive hull of f∗(mKX/Y ). Theorem 1.4 is a
generalization of Fujita’s decomposition theorem in [Fuj77], [CD17], and [CK19].
Finally, we study foliations with nef anti-canonical bundles. In [Dru17a], these
foliations were studied in detail. Druel proposed the following question in [Dru17a].
Question 1.5. [Dru17a, Question 7.4] Let F be a regular foliation on X . If −KF is
nef, then do we have κ(X,−KF) ≤ rkF?
In [Dru17a, Theorem 8.8], if −KF is nef and abundant, then κ(X,−KF ) ≤ rkF
and equality holds only if F is algebraically integrable. We give an answer to
Question 1.5.
Theorem 1.6 (= Theorem 5.5). Let X be a smooth projective variety and F ⊂ TX
be a foliation on X. Assume that F is regular or F has a compact leaf. If −KF is
nef, then κ(X,−KF ) ≤ rkF .
Moreover, when the equality holds, the followings hold.
(1) F is an algebraically integrable foliation with rationally connected leaves.
(2) −KF is semiample and big for a general leaf F of F .
(3) −KF is semiample and abundant.
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2. Preliminaries
Throughout this paper, we work over the field C of complex numbers. We denote
by N>0 the set of positive integers and denote Hom(F ,OX) by F
∨ for a torsion-
free coherent sheaf F . We interchangeably use the words Cartier divisors and line
bundles.
In this chapter, we review some of the standard facts on foliations, slopes, and so
on. For more details, we refer the reader to [Cla16, Chapter 1], [Laz17, Chapter 2,4]
and [Wan20, Appendices B].
2.1. Foliations.
Let X be a normal variety and TX be a tangent sheaf of X . A (singular) foliation
is a saturated subsheaf F ⊂ TX which is closed under the Lie bracket. A foliation F
is called regular if X is smooth and F is a subbundle of TX . If X is projective, the
canonical divisor KF of F is defined by the divisor such that OX(KF) ∼= det(F)
∨.
Let XF denote the subset of the regular locus Xreg on which F is a subbundle of
TX . A leaf of F is the maximal connected, locally closed submanifold L ⊂ XF such
that TL = F|L. A leaf L of F is algebraic if it is open in its Zariski closure L
zar
and dimL = dimL
zar
. A foliation F is called algebraically integrable if every leaf
passing through a general point of X is algebraic.
Example 2.1. Let f : X → Y be a surjective morphism with connected fibers
between normal projective varieties. Then the kernel of the differential map df :
TX → f
∗TY defines a foliation F on X . F is algebraically integrable foliation and
a general fiber of f is a leaf of F . We say that F is induced by f . Similarly, a
dominant rational map induce an algebraically integrable foliation.
By the following lemma, an algebraically integrable foliation is induced by a dom-
inant rational map.
Lemma 2.2 ([Dru17a, Section 2.13], [Wan20, Proposition B.19]). Let X be a normal
projective variety and F be an algebraically integrable foliation on X. Then there
exist a unique normal projective variety Y contained in the normalization of the
Chow variety of X, a projective variety Z which is the normalization of the universal
cycle, a birational morphism pi : Z → X, an equidimensional dominant morphism
f : Z → Y with connected fibers, and an effective Q-divisor B on Z, such that
pi(f−1(y)) ⊂ X is the Zariski closure of a leaf of F for a general point y ∈ Y and
pi∗KF ∼Q KF˜ +B, where F˜ is a foliation induced by f .
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Z
π

f
// Y
X
In particular, F˜ coincides with pi∗F on some Zariski open subset of Z.
Definition 2.3 ([Dru17a, Notation 2.7], [Wan20, Remark B.18]). Let f : X → Y
be a surjective morphism with connected fibers between smooth projective varieties,
or an equidimensional dominant morphism with connected fibers between normal
projective varieties. The ramification divisor of f is defined by
Ram(f) :=
∑
D⊂Y
(f ∗D − (f ∗D)red),
where D runs through all prime divisors on Y .
Example 2.4 ([Dru17a, Section 2.9], [Wan20, Remark B.18]). Let f : X → Y
be an equidimensional dominant morphism with connected fibers between normal
projective varieties and F be a foliation induced by f . Then
KF ∼Q KX/Y − Ram(f).
Lemma 2.5. Let X, Y, Z be smooth projective varieties and f : X → Y , g : Z → Y ,
h : X → Z be surjective morphisms with connected fibers such that f = g ◦ h.
X
f ""❉
❉❉
❉❉
❉❉
h
// Z
g

Y
Then Ram(h) + h∗Ram(g)−Ram(f) is effective.
Proof. Let I denote the set of prime divisors E ⊂ Z such that g(E) is a divisor
on Y . Set R :=
∑
E∈I h
∗E − (h∗E)red, then Ram(h) − R is effective. We show
that R = Ram(f) − h∗Ram(g). For any E ∈ I, write D := g(E). Let w ∈
N>0 be the coefficient of E in g
∗D. Set h∗E =
∑
diFi for some di ∈ N>0 and
some prime divisors Fi on X . Since the coefficient of Ram(f)− h
∗Ram(g) in Fi is
(diw− 1)− di(w− 1) = di− 1, Ram(f)− h
∗(Ram(g)) contains
∑
(di− 1)Fi. Hence
Ram(f)−h∗Ram(g)−R ≥ 0. By a similar argument, R−Ram(f)+h∗Ram(g) ≥ 0.
Therefore Ram(h) + h∗Ram(g)− Ram(f) = Ram(h)− R is effective. 
By Lemma 2.2, Example 2.4, and the flattening theorem of [Ray72], we obtain
the following proposition.
Proposition 2.6. [Cla16, Proposition 1.4] Let X be a smooth projective variety
and F be an algebraically integrable foliation on X. Then there exist a birational
morphism pi : X˜ → X, a surjective morphism f˜ : X˜ → Y with connected fibers
between smooth projective varieties, and pi-exceptional divisors E,E ′ on X˜, such
that any f˜-exceptional divisor is pi-exceptional and
pi∗KF ∼Q KX˜/Y − Ram(f˜) + E ∼Q KF˜ + E
′,
where F˜ is a foliation induced by f˜ .
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2.2. Algebraic parts and transcendental parts of foliations.
First we define a pull-back of a foliation via a dominant rational map. For more
details, we refer the reader to [Dru18b, Section 3.1, 3.2] and [Wan20, Proposition-
Definition B.3, B.4].
Let X be a normal n-dimensional variety and F be a rank r foliation on X . Set
NF := (TX/F)
∨∨. From N∨F ⊂ (Ω
1
X)
∨∨, we obtain a detNF -valued n− r differential
form ωF ∈ H
0(X, (Ωn−rX ⊗ detNF )
∨∨). ωF satisfies the following three conditions.
(A) A codimension of a vanishing locus of ωF is at least two.
(B) ωF is locally decomposable, that is, in a neighborhood U of a general point
of X , we have ωF |U = ω1 ∧ · · · ∧ ωn−r for some 1-forms ω1, · · · , ωn−r on U .
(C) ωF is integrable, that is, dωi∧ω = 0 for any 1 ≤ i ≤ n−r under the condition
(B).
Conversely, for any rank 1 reflexive sheaf L on X and ω ∈ H0(X, (Ωn−rX ⊗ L)
∨∨)
which satisfies three conditions (A)-(C) above, a rank r foliation is induced by the
kernel of the morphism TX → (Ω
n−r−1
X ⊗ L)
∨∨ given by the contraction of ω.
Let f : X 99K Y be a dominant rational map to a normal m-dimensional varietiy
and G be a rank l foliation on Y . Then there exist smooth Zariski open sets X0 ⊂ X
and Y0 ⊂ Y such that f0 := f |X0 : X0 → Y0 is a morphism. By the above argument,
we can take ωG ∈ H
0(Y, (Ωm−lY ⊗detNG)
∨∨). By shrinking X0 and Y0, ω := df0(ωG|Y0)
satisfies the three conditions (A)-(C) above, thus ω induce a foliation F0 on X0. The
pull-back f−1G of G via f is the foliation on X whose restriction to X0 is F0.
Remark 2.7. Let X be a normal n-dimensional variety and F be a rank r foliation on
X . By Frobenius Theorem, for any x ∈ XF , there exist a neighborhood U ⊂ XF of
x and local generators v1, . . . , vn of TX on U such that F|U is generated by v1, . . . , vr.
Then ωF |U is identified with αr+1∧· · ·∧αn, where αi is a dual of vi for r+1 ≤ i ≤ n.
Lemma 2.8 (cf. [AD13, Lemma 6.7]). Let f : X → Y be a smooth morphism
with connected fibers between smooth projective varieties and F be a rank r regular
foliation on X. Assume that all fiber of f is contained in a leaf of F . Then there
exists a regular foliation G on Y such that F = f−1G and
0 // TX/Y // F // f
∗G // 0.
Proof. Set dimY := m, k := dimX − dimY , and n := dimX = m+ k. Fix y ∈ Y .
Let V be a neighborhood of y and (w1, . . . , wm) be local coordinates on V . We may
regard y ∈ V as an origin. We can take a finite Euclid open sets U1, . . . , UN of X
which satisfy the following conditions:
(1) Xy ⊂ ∪
N
λ=1Uλ.
(2) For any 1 ≤ λ ≤ N , we can choose local coordinates (zλ1 , . . . , z
λ
n) on Uλ such
that
f |Uλ : Uλ → V
(zλ1 , . . . , z
λ
n) 7→ (z
λ
1 , . . . , z
λ
m).
In particular, TX/Y |Uλ is generated by
∂
∂zλm+1
, . . . , ∂
∂zλn
on Uλ.
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(3) For any 1 ≤ λ ≤ N , there exists a holomorphic morphism pλ on Uλ such
that
pλ : Uλ → C
n−r
(zλ1 , . . . , z
λ
n) 7→ (z
λ
1 , . . . , z
λ
n−r)
and Ker(dpλ) = F|Uλ. In particular, F|Uλ is generated by
∂
∂zλn−r+1
, . . . , ∂
∂zλn
on Uλ.
Then there exists a local section sλ : V → Uλ such that
sλ : V → Uλ
(w1, . . . , wm) 7→ (w1, . . . , wm, 0, . . . , 0)
for any 1 ≤ λ ≤ N . Set GV := ker(d(pλ ◦ sλ)), then GV does not depend on λ, and
GV glue and extend to an r− k rank foliation G on Y (see [AD13, Lemma 6.7]). GV
is generated by ∂
∂wn−r+1
, . . . , ∂
∂wm
on V . Therefore G|V is a subbundle of TV , f
∗G|Uλ
is locally free, and
0 // TX/Y |Uλ
// F|Uλ
// f ∗G|Uλ
// 0,
for any 1 ≤ λ ≤ N . From ωG|V = dw1 ∧ · · · ∧ dwn−r and ωF |Uλ = dz
λ
1 ∧ · · · ∧ dz
λ
n−r,
we obtain F|Uλ = f
−1G|Uλ. 
Lemma 2.9 ([AD13, Lemma 6.7]). Let f : X 99K Y be an essentially equidi-
mensional ∗ dominant rational map with connected fibers between normal projective
varieties, H be a foliation induced by f , and F be a foliation on X. Assume that a
general fiber of f is contained in a leaf of F . Then there exists a foliation G on Y
such that F = f−1G and
0 // H // F // (f ∗G)∨∨.
Proof. We take Zariski open sets X1 ⊂ XF and Y1 ⊂ Yreg such that H|X1 is a
subbundle of F|X1 and f |X1 : X1 → Y1 is a morphism. We may assume that
codim(X \X1) ≥ 2. Let X0 ⊂ X1 be the set of smooth points of f and Y0 := f(X0).
By a similar argument in Lemma 2.8, there exists a foliation G0 on Y0 such that
F|X0 = (f |X0)
−1G0 and
0 // H|X0 // F|X0 // (f |X0)
∗G|X0 // 0.
Let G denote a saturation of G0 in TY . By [Wan20, Lemma B.2] and the argument
in [AD13, Lemma 6.7], G is a foliation on Y , F = f−1G, and
0 // H|X1 // F|X1 // (f
∗G)∨∨|X1
on X1, which completes the proof from codim(X \X1) ≥ 2. 
Definition 2.10 ([Dru17a, Definition 2.3], [LPT18, Section 2.3]). Let X be a
smooth projective variety and F be a foliation on X . Then there exist a domi-
nant rational map f : X 99K Y with connected fibers to a normal variety Y and
a foliation G on Y , such that F = f−1G and G is purely transcendental, i.e., there
∗A rational map f : X 99K Y is essentially equidimensional if there exists a Zariski open set
U ⊂ X such that codim(X \U) ≥ 2 and f |U is an equidimensional morphism. We refer the reader
to [CKT16, Definition 2.22].
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is no positive dimensional algebraic subvariety through a general point Y which is
tangent to G.
G is called the transcendental part of F and the algebraically integrable foliation
induced by f is called the algebraic part of F .
We give the construction of algebraic and transcendental parts for reader’s con-
venience. This construction is an application of [LPT18, Section 2.3].
If F is purely transcendental, we can take G = F and f = id. We may assume
that F is not purely transcendental. According to [LPT18, Section 2.3], if there
exists an n − k-dimensional algebraic subvariety tangent to F through a general
point of X for some nonnegative integer k < n, then the leaves of F are covered by
q-dimensional algebraic subvarieties for some integer q ≥ n− k, that is, there exist
normal projective varieties Y and Z, a dominant morphism pi1 : Z → X , and an
equidimensional dominant morphism pi2 : Z → Y with connected fibers, such that a
fiber of pi2 has q dimension and pi1(pi
−1
2 (y)) is tangent to F for a general point y ∈ Y .
Z
π1

π2
// Y
X
Set
q˜ := max
{
0 ≤ q ≤ n : the leaves of F are covered by
q-dimensional algebraic subvarieties
}
.
Then q˜ > 0 and we obtain the covering family Y, Z, pi1, pi2 as above such that a fiber
of pi2 has q˜ dimension. By the maximality of q˜ and the argument in [LPT Lemma
2.4], pi1 is birational. Hence f := pi2◦pi
−1
1 : X 99K Y is an essentially equidimensional
dominant rational map with connected fibers. Let H be an algebraically integrable
foliation induced by f . By Lemma 2.9, there exists a foliation G on Y with F =
f−1G.
We show that G is purely transcendental. To obtain a contradiction, suppose that
there exists a dimY − k-dimensional algebraic subvariety tangent to G through a
general point of Y for some nonnegative integer k < dimY . By [LPT Section 2.3],
the leaves of G are covered by l-dimensional algebraic subvarieties for some l ∈ N>0.
Therefore the leaves of F are covered by l + q˜-dimensional algebraic subvarieties,
which contradicts the maximality of q˜. Hence G is purely transcendental.
We have the following lemma on an algebraic part of a foliation.
Lemma 2.11. [Dru17a, Lemma 6.2] Let X be a smooth projective variety and F be
a foliation on X. If F is regular or F has a compact leaf, then the algebraic part of
F has a compact leaf.
2.3. Slopes of torsion-free coherent sheaves.
In this section, let X be a smooth projective variety. A 1-cycle is a formal linear
combination of irreducible reduced proper curves. N1(X)R is an R-vector space of
1-cycles with real coefficients modulo numerical equivalence. A class α ∈ N1(X)R is
movable if Dα ≥ 0 for any effective Cartier divisor D. The set of movable classes
forms a closed convex cone Mov(X) ⊂ N1(X)R, called the movable cone.
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Let F be a nonzero torsion-free coherent sheaf of X . For any α ∈ Mov(X), the
slope of F with respect to α is defined by
µα(F) :=
c1(F)α
rkF
.
µmaxα (F) is defined by the supremum of µα(E) for any nonzero coherent subsheaf
E ⊂ F and µminα (F) is defined by the infimum of µα(Q) for any nonzero torsion-free
quotient sheaf F → Q. F is called α-semistable if µmaxα (F) = µα(F). By [CP19,
Proposition 2.4], there exists a unique subsheaf Fmax ⊂ F , maximal with respect to
the inclusion, such that µα(Fmax) = µ
max
α (F). Fmax is called a maximal destabilizing
subsheaf with respect to α of F . Fmax is saturated and α-semistable.
The following theorem states the relationship between foliations and slopes.
Theorem 2.12. [CP19, Theorem 1.1] Let F be a foliation on X. If there exists
α ∈ Mov(X) such that µminα (F) > 0, then F is an algebraically integrable foliation
with rationally connected leaves, i.e., a Zariski closure of any leaf through a general
point is rationally connected.
The following corollary was already proved in [Cla16, Corollarie 1.25]. We give a
proof for the reader’s convenience.
Corollary 2.13. [Cla16, Corollarie 1.25] Let F be a foliation on X. If F is purely
transcendental, then KF is pseudo-effective.
Proof. Assume that KF is not pseudo-effective. Then there exists α ∈Mov(X) such
that µmaxα (F) > 0. We take a maximal destabilizing sheaf E with respect to α of
F . From µα(E) = µ
min
α (E) = µ
max
α (F) > 0, by Theorem 2.12, E is an algebraically
integrable foliation with rationally connected leaves, which is impossible. 
2.4. Algebraic positivities of torsion-free coherent sheaves.
In this section, we recall the notions of singular hermitian metrics and algebraic
positivities of torsion-free coherent sheaves. Throughout this paper, we adopt the
definition of singular hermitian metrics in [HPS18].
Definition 2.14 ([BDPP13, Definition 7.1], [DPS94, Definition 1.17], [DPS01, Def-
inition 6.4], [HPS18, Definition 19.1], [Nak04, Definition 3.20], [Pet12, Definition
2.1]). Let X be a smooth n-dimensional projective variety.
(1) A vector bundle E is ample (resp. strctly nef, nef) if OP(E)(1) is ample (resp.
strctly nef, nef) on P(E).
(2) A vector bundle E is numerically flat if E is nef and c1(E) = 0.
(3) A torsion-free coherent sheaf E is weakly positive at x ∈ X if for any a ∈ N>0
and for any ample line bundle A on X , there exists b ∈ N>0 such that
Symab(E)∨∨ ⊗Ab is globally generated at x.
(4) A torsion-free coherent sheaf E is pseudo-effective (weakly positive in the
sense of Nakayama) if E is weakly positive at some x ∈ X .
(5) A torsion-free coherent sheaf E is V-big (big in the sense of Viehweg) if there
exist a ∈ N>0 and an ample line bundle A on X such that Sym
a(E)∨∨⊗A−1
is pseudo-effective.
10 MASATAKA IWAI
(6) A torsion-free coherent sheaf E is almost nef if there exists a countable family
of proper subvarieties Zi of X such that E|C is nef on C for any curve
C 6⊂ ∪iZi.
(7) A torsion-free coherent sheaf E has a positively curved singular hermitian
metric if E has a singular hermitian metric h such that log |u|h∨ is a psh
function for any local section u, where h∨ is the dual metric defined by
h∨ = th−1.
(8) For any ample divisors H1, . . . , Hn−1 on X , a torsion-free coherent sheaf E
is (H1, . . . , Hn−1)-generically ample if E|C is ample on C for a general curve
C = D1 ∩ · · · ∩Dn−1 with general Di ∈ |miHi| and mi ≫ 0.
Remark 2.15. The notion of pseudo-effectivity is often used in a different meaning.
For example, in other papers, we may say a vector bundle E on a smooth projective
variety X is pseudo-effective when OP(E)(1) is a pseudo-effective line bundle. How-
ever, the pseudo-effectivity of E in this paper is stronger than this definition. We
require that the image of the non-nef locus of OP(E)(1) is properly contained in X
in addition to this condition.
Relationships among them can be summarized by the following table:
ample
+3

nef

E has a positively curved
singular hermitian metric
qy ❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
V-big +3 pseudo-effective
(1)
+3
almost nef
Notice that when E is a line bundle, the converse of (1) holds by [BDPP13,
Theorem 0.2] and E is V-big if and only if E is big.
Proposition 2.16. Let X be a smooth n-dimensional projective variety, F be a
torsion-free coherent sheaf of X, and H1, . . . , Hn−1 be ample divisors on X. Set
α := H1 · · ·Hn−1. If µ
min
α (F) > 0, then F is (H1, . . . , Hn−1)-generically ample.
Proof. The proof is the same as in the proof of [Ou17, Theorem 0.3]. By Mehta-
Ramanathan’s theorem in [MR82, Theorem 6.1], a restriction of the Harder-Narasimhan
filtration with respect to α of F to C is the Harder-Narasimhan filtration of F|C ,
for a general curve C = D1 ∩ · · · ∩ Dn−1 with general Di ∈ |miHi| and mi ≫ 0.
Hence µmin(F|C) = µ
min
α (F) > 0, and finally F|C is ample on C. 
The following theorem is often used, thus we will summarize it.
Theorem 2.17 ([DPS01, Theorem 6.7], [HP19, Theorem 1.8], [LOY20, Proposition
3.8 and Theorem 4.4]). Let X be a smooth projective variety and E be an almost nef
torsion-free coherent sheaf of X. Then the followings hold.
(1) For any generically surjective morphism τ : E → Q to a non-zero torsion-
free coherent sheaf, Q is almost nef. In particular, µminα (E) ≥ 0 for any
α ∈Mov(X).
(2) If E is a vector bundle, for any non zero section s ∈ H0(X, E∨), s has no
zero point.
(3) If c1(E) = 0 and E is reflexive, then E is a numerically flat vector bundle.
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3. Fujita’s decomposition
Lemma 3.1. Let X be a smooth n-dimensional projective variety, F be a reflex-
ive coherent sheaf of X, and H1, . . . , Hn−1 be ample divisors on X. Set α :=
H1 · · ·Hn−1 ∈ Mov(X). If F is almost nef, then there exist unique torsion-free
coherent sheaves Q,K which satisfy the following conditions.
(1) Q is a numerically flat vector bundle.
(2) µmaxα (K) < 0 unless K = 0.
(3) We have the following exact sequence
0 // Q // F∨ // K // 0.
Moreover, Q,K are independent of the choice of ample divisors H1, . . . , Hn−1 up to
isomorphism.
Proof. (Existence.) If µminα (F) > 0, we can take Q = 0 and K = F
∨. From
µminα (F) ≥ 0, we may assume that µ
min
α (F) = 0. Then there exists a maximal
destabilizing sheaf Q with respect to α of F∨. Set K := F∨/Q. Condition (3) is
clear, thus we prove conditions (1) and (2).
By Lemma 2.17, Q∨ is almost nef. From µα(Q) = µ
max
α (F
∨) = 0, we have
c1(Q) = 0, and finally Q is a numerically flat vector bundle by Lemma 2.17.
We show the condition (2). To obtain a contradiction, suppose that µmaxα (K) ≥ 0
and K 6= 0. We take a maximal destabilizing sheaf K′ with respect to α of K. Then
there exists Q′ ⊂ F∨ such that
0 // Q // Q′ // K′ // 0.
Hence 0 ≥ rkQ′µα(Q
′) = rkK′µα(K
′) ≥ 0, which contradicts the maximality of Q.
(Uniquness.) We assume that there exist torsion-free coherent sheaves Q,K and
Q′,K′ which satisfy the conditions (1)-(3). Then we get the following exact sequence
0 // Q // F∨ // K // 0
0 // Q′ // F∨ // K′ // 0.
We thus get the map β : Q → K′. From µminα (Q) = 0 > µ
max
α (K
′), β is a zero map.
Hence we obtain an injective morphism Q → Q′. By a similar argument, we obtain
an injective morphism Q′ → Q, therefore Q′ ∼= Q.
The proof of the last statement is the same as that of uniqueness, since any
numerically flat vector bundle is α′-semistable, where α′ := H ′1 · · ·H
′
n−1 for any
ample divisors H ′1, . . . , H
′
n−1 on X . 
Theorem-Definition 3.2. Under the hypotheses of Lemma 3.1, we assume that F
is an almost nef vector bundle. Then there exist unique vector bundles Q,G which
satisfy the following conditions.
(a) Q is numerically flat.
(b) G is almost nef and µminα (G) > 0 unless G = 0.
(c) We have the following exact sequence of vector bundles
0 // G // F // Q // 0.
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G is called a positive part of F .
Proof. There exist unique torsion-free coherent sheaves Q,K which satisfy the con-
ditions (1)-(3) in Lemma 3.1. We have the following exact sequence
0 // Q
τ
// F∨ // K // 0.
Set k := rkQ. Since ∧kF ⊗ detQ is almost nef, ∧kτ has no zero point by Lemma
2.17. Hence τ is an injective morphism between vector bundles and K is a vector
bundle. Set G := K∨ and Q := Q∨, the proof is complete. 
Example 3.3. A positive part is not necessarily a maximal destabilizing sheaf. Set
E := OCP1(1) ⊕ OCP1(2), then E is a nef vector bundle on CP
1. The maximal
destabilizing sheaf of E is OCP1(2). However, the positive part of E is E.
Theorem-Definition 3.4. Under the hypotheses of Lemma 3.1, we assume that F
has a positively curved singular hermitian metric. Then there exist unique reflexive
coherent sheaves Q,G which satisfy the following conditions.
(a) Q is a hermitian flat vector bundle.
(b) G has a positively curved singular hermitian metric and µminα (G) > 0 unless
G = 0.
(c) F ∼= Q⊕G.
This decomposition is called Fujita’s decomposition of F .
Proof. There exist unique torsion-free coherent sheaves Q,K which satisfy the con-
ditions (1)-(3) in Lemma 3.1. Let X0 denote the maximal Zariski open set where F
is locally free. Since F has a positively curved singular hermitian metric,
F∨|X0
∼= Q|X0 ⊕K|X0
by [HIM19, Theorem 1.3]. Write G := K∨ and Q := Q∨, then F ∼= Q ⊕ G. Since
c1(Q) = 0 and Q has a positively curved singular hermitian metric, Q is a hermitian
flat vector bundle by [HIM19, Lemma 3.5]. 
In particular, we obtain Fujita’s decomposition theorem on a direct image sheaf
of a relative pluricanonical line bundle.
Corollary 3.5 (cf. [Fuj77, Theorem], [CD17, Theorem 1.1], [CK19, Theorem 2]).
Let f : X → Y be a surjective Ka¨hler morphism with connected fibers from a
compact Ka¨hler manifold X to a smooth d-dimensional projective variety Y . For
any m ∈ N>0, there is a unique decomposition
(f∗(mKX/Y ))
∨∨ ∼= Q⊕G,
where Q is a hermitian flat vector bundle and G is an (H1, . . . , Hd−1)-generically
ample reflexive coherent sheaf for any ample divisors H1, . . . , Hd−1 on Y .
In particular, if Y is a curve, for any m ∈ N>0, there is a unique decomposition
f∗(mKX/Y ) ∼= Q⊕G,
where Q is a hermitian flat vector bundle and G is an ample vector bundle.
Proof. By [Wan19, Theorem B], f∗(mKX/Y ) has a positively curved singular hermit-
ian metric, which completes the proof by Proposition 2.16 and Theorem-Definition
3.4. 
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4. Almost nef regular foliations
4.1. Structure theorems of almost nef regular foliations.
Theorem 4.1. Let X be a smooth n-dimensional projective variety and F be a rank
r almost nef regular foliation on X with c1(F) 6= 0. Then there exist a smooth
morphism f : X → Y between smooth projective varieties and a numerically flat
regular foliation G on Y , such that all fiber of f is rationally connected, F = f−1G,
and
0 // TX/Y // F // f
∗G // 0.
Proof. Let H1, . . . , Hn−1 be ample divisors on X and α := H1 · · ·Hn−1. We take
a positive part G of F by Theorem-Definition 3.2. Then G is a subbundle of F ,
µminα (G) > 0, and µ
max
α (F/G) = µα(F/G) = 0. By Theorem 2.12, G is an alge-
braically integrable regular foliation with rationally connected leaves. By [Ho¨r07,
Corollary 2.11], we obtain a smooth morphism f : X → Y between smooth pro-
jective varieties such that all fiber of f is rationally connected and G = TX/Y . By
Lemma 2.8, there exists a regular foliation G on Y such that F = f−1G and
0 // TX/Y // F // f
∗G // 0.
Since f ∗G is numerically flat, G is so. 
Corollary 4.2. Under the hypotheses of Theorem 4.1, let F be a fiber of f . Then
the followings hold.
(1) If F is ample, then X is isomorphic to CPn.
(2) If F is nef, then F is Fano.
(3) If F is V-big, then F = TX/Y and F is isomorphic to CP
r.
(4) If F is nef and V-big, then X is isomorphic to CPn.
Proof. Since f ∗G is a numerically flat, if F is ample (resp. nef, V-big), then both
TX/Y and TF are so by Theorem 4.1.
(1). Since both TX/Y and −KX/Y are ample, dimY = 0 and X ∼= CP
n by
[KMM92, Corollary 2.8] and [Mor79, Theorem 8].
(2). F is rationally connected and TF is nef. Hence F is Fano by [DPS94,
Proposition 3.10].
(3). Since both f ∗G and TF are V-big, it follows by [FM19, Corollary 7.8] and
[Iwa18, Corollary 1.3].
(4). The proof is the same as that of (1) by [Dru17a, Theorem 1.1], [Eji19,
Theorem 1.6], [FM19, Corollary 7.8], and [Iwa18, Corollary 1.3]. 
Remark 4.3. By our method in Corollary 4.2, we only know that, if TX contains
a strictly nef regular foliation, then there exists a smooth morphism f : X → Y
between smooth projective varieties such that all fiber of f is CPd for some d ∈ N>0.
However, in [LOY20, Theorem 1.3], it was proved that, if TX contains a strictly
nef locally free sheaf, then X admits a CPd-bundle structure f : X → Y and Y is
hyperbolic.
Example 4.4. Let C be a smooth curve, e be a nonnegative integer, and p be a
point of C. Set E := OC ⊕OC(−ep) and X := P(E). Let pi : X → C be the ruling
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and F be a foliation induced by pi. By Corollary A.3, F is nef if and only if e = 0,
and F is V-big if and only if e > 0. Therefore F can be nef or V-big regardless of
the genus of C. Notice that F cannot be strictly nef in this example.
4.2. Positive parts and algebraic parts of almost nef regular foliations.
In this section, letX be a smooth n-dimensional projective variety, F be an almost
nef regular foliation on X with c1(F) 6= 0, and H1, . . . , Hn−1 be ample divisors on
X . Set α := H1 · · ·Hn−1. We study the relationship between a positive part of F
and an algebraic part of F .
Lemma 4.5. An algebraic part H of F is an almost nef regular foliation with
KF ≡ KH.
Proof. Let f : X 99K Y be a dominant rational map induced by H and G be a
transcendental part of F . Since F is almost nef, (KH − KF)α ≥ 0. By the proof
in [Dru17a, Proposition 6.1], KH−KF = −(f
∗KG +R) for some effective divisor R
on X , hence (KH−KF )α ≤ 0 by Corollary 2.13 or [Dru17a, Proposition 6.3]. Thus
we obtain KF ≡ KH.
Set Q = F/H, then there exists a coherent sheaf K such that
0 // Q∨
τ
// F∨ // K // 0.
By Lemma 2.17, Q∨ is numerically flat and K is a vector bundle. Since H is equal
to K∨ outside a codimension two Zariski closed subset, H = K∨ and H is almost
nef. 
Let H be an algebraic part of F and f : X 99K Y be a dominant rational
map induced by H. We take a birational morphism pi : X˜ → X and a surjective
morphism f˜ : X˜ → Y with connected fibers such that f˜ = f ◦ pi. Now we consider
a relative MRC fibration of f˜ . By Lemma 2.6, we may assume that a relative
MRC fibration r˜ : X˜ → Z˜ of f˜ as a morphism, both f˜ -excptional divisors and
r˜-excptional divisors are pi-exceptional, and X˜, Y, Z˜ are smooth projective varieties.
Set an induced morphism ϕ : Z˜ → Y .
X˜
π

f˜
!!❈
❈❈
❈❈
❈❈
❈
r˜
// Z˜
ϕ

X
f
//❴❴❴ Y
Let R denote the algebraically integrable foliation induced by a dominant rational
map r := r˜ ◦ pi−1 : X 99K Z˜.
Theorem 4.6. Under the hypotheses stated above, R is a positive part of F . In
particular, R is an almost nef regular algebraically integrable foliation.
In other words, if F is an almost nef regular foliation, then a positive part of
F is a foliation induced by a relative MRC fibration of an algebraic part of F . In
particular, the smooth morphism f in Theorem 4.1 is a relative MRC fibration of
an algebraic part of F .
Proof. The proof is divided into 2 steps.
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Step 1. We show that R is an almost nef regular foliation and KR ≡ KH ≡ KF .
By Proposition 2.6, there exist pi-exceptional divisors EH, ER such that
pi∗KH ∼Q KX˜/Y − Ram(f˜) + EH and pi
∗KR ∼Q KX˜/Z˜ −Ram(r˜) + ER.
Thus we obtain
pi∗(KH−KR) ∼Q r˜
∗(KZ˜/Y−Ram(ϕ))+(Ram(r˜)+r˜
∗Ram(ϕ)−Ram(f˜ ))+(EH−ER).
Since r˜ is a relative MRC fibration, KZ˜/Y −Ram(ϕ) is pseudo-effective, and finally
(KH−KR)α ≥ 0 by Lemma 2.5. SinceR ⊂ H andH is almost nef, (KH−KR)α ≤ 0.
Therefore KR ≡ KH ≡ KF . By a similar argument in Lemma 4.5, R is an almost
nef regular foliation and F/R is a numerically flat vector bundle.
Step 2. We show that µminα (R) > 0.
Since R is an almost nef regular foliation with rationally connected leaves, there
exists a smooth morphism g : X → Z with R = TX/Z by [Ho¨r07, Corollary 2.11].
To obtain a contradiction, suppose that µminα (R) = 0.
By Theorem-Definition 3.2, there exists an almost nef regular foliation R′ ⊂ R
with µminα (R
′) > 0 and KR ≡ KR′ . By Theorem 2.12 and [Ho¨r07, Corollary 2.11],
we obtain a smooth morphism g′ : X → Z ′ with rationally connected fibers with
R′ = TX/Z′ . From R
′ ( R, we have dimZ < dimZ ′.
X
g
""❊
❊❊
❊❊
❊❊
❊
g′
//
f

✤
✤
✤ Z
′
Y Z
If dimZ = 0, then X is rationally connected and R = TX . Since g
′∗TZ′ is
numerically flat, Z ′ is a finite quotient of an Abelian variety by Yau’s Theorem.
This gives a surjective morphism from X to a positive dimensional Abelian variety,
which is impossible since X is rationally connected. Therefore dimZ 6= 0.
Claim 1. (1). There exists a smooth morphism h : Z ′ → Z ′ such that h ◦ g′ = g.
(2). For a general point y ∈ Y , set W := g(Xy) and W
′ := g′(Xy). Then W,W
′
are smooth projective varieties, dimW = dimZ−dimY , dimW ′ = dimZ ′−dimY ,
and TZ′/Z |W ′ = TW ′/W .
X
g
""❊
❊❊
❊❊
❊❊
❊
g′
//
f

✤
✤
✤ Z
′
h

Y Z
Proof. Set k := dimY , l := dimZ, and l′ := dimZ ′. Notice that k ≤ l < l′.
(1). All fiber of g′ is contained in a fiber of g from R′ ⊂ R. Set
Γ := {(g(x), g′(x)) ∈ Z × Z ′ : x ∈ X}.
Since g, g′ are smooth, Γ is an l′-dimensional submanifold of Z × Z ′. By [Deb01,
Lemma 1.15] and [Wan20, Lemma 4.15], pr2 : Γ → Z
′ is isomorphism. Hence
h := pr1 ◦ pr
−1
2 is smooth.
(2). From R′ ( R ⊂ H, a general fiber of g is contained in a fiber of f . We
take a Zariski open set Y0 ⊂ Y such that f |X0 : X0 := f
−1(Y0) → Y0 is a smooth
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morphism. Fix y ∈ Y0, then Xy is a smooth submanifold of X since f is almost
holomorphic by Lemma 2.11.
We take a ∈ Xy. Set b := g(a) and b
′ = g′(a). Since g, g′ are smooth, there exists
a neighborhood U ⊂ X (resp. V := g(U) ⊂ Z, V ′ := g′(U) ⊂ Z ′) of a (resp. b, b′),
which satisfies the following conditions.
(a) There exist local coordinates (z1, . . . , zn) on U (resp. (w1, . . . , wl) on V ,
(w′1, . . . , w
′
l′) on V
′) such that g, g′ (resp. h) can be expressed on U (resp.
V ′) as follows:
g : U → V g′ : U → V ′
(z1, . . . , zn) 7→ (z1, . . . , zl) (z1, . . . , zn) 7→ (z1, . . . , zl′)
h : V ′ → V
(w′1, . . . , w
′
l′) 7→ (w
′
1, . . . , w
′
l),
and a (resp. b, b′) is an origin on U (resp. V , V ′).
(b) Xy ∩ U = {z1 = · · · = zk = 0}.
From W ∩V = g(Xy ∩U) = {w1 = · · · = wk = 0}, W ∩ V is an l− k-dimensional
submanifold of V . By the same argument, W ′∩V ′ is an l′−k-dimensional subman-
ifold of V ′. TZ′/Z |V ′ is generated by
∂
∂w′l+1
, . . . , ∂
∂w′
l′
. From
h|W ′∩V ′ : W
′ ∩ V ′ → W ∩ V
(w′k+1, . . . , w
′
l′) 7→ (w
′
k+1, . . . , w
′
l),
TW ′/W |W ′∩V ′ is also generated by
∂
∂w′
l+1
, . . . , ∂
∂w′
l′
, which completes the proof. 
Claim 2. Under the hypotheses of Claim 1, g′|Xy : Xy → W
′ is an MRC fibration
for a general point y ∈ Y .
Proof. It is sufficient to prove that C ⊂ g′−1(z′) for a general point z′ ∈ W ′ and any
rational curve C ⊂ Xy with C ∩ g
′−1(z′) 6= φ. To obtain a contradiction, suppose
that C 6⊂ g′−1(z′). Write z := h(z′), then C ⊂ g−1(z) since g|Xy : Xy → W is an
MRC fibration. Therefore H := h−1(z) has a rational curve g′(C).
g′∗TZ′/Z is numerically flat from the following exact sequence
0 // TX/Z′ // TX/Z // g
′∗TZ′/Z // 0.
By Claim 1(2), TW ′/W is numerically flat, hence TH is so, and finally H is a finite
quotient of an Abelian variety. Thus H has no rational curve, a contradiction. 
By Claim 1 and 2, both g and g′ are MRC fibrations, which contradicts dimW <
dimW ′. Therefore µminα (R) > 0.
By Step1 and Step2, µminα (R) > 0 and F/R is numerically flat. Hence R is a
positive part of F . 
Corollary 4.7 (cf. [HIM19, Theorem 1.1], [Pet12, Conjecture 4.12]). Let X be a
smooth n-dimensional projective variety and G be a foliation on X. If TX is almost
nef, the followings are equivalent.
(1) µminα (G) > 0 and KG ≡ KX , where α = H1 · · ·Hn−1 for some ample divisors
H1, . . . , Hn−1 on X.
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(2) G is a positive part of TX .
(3) There exists a smooth MRC morphism f : X → Y such that G = TX/Y .
Moreover, there exist a finite e´tale morphism pi : X˜ → X and a smooth surjective
morphism f˜ : X˜ → A to an Abelian variety A such that all fiber of f˜ is rationally
connected.
In particular, if TX is almost nef and X is rationally connected, then TX is
(H1, . . . , Hn−1)-generically ample for any ample divisors H1, . . . , Hn−1 on X.
Proof. We regard TX as a foliation. Then the first statement is clear by Theorem
4.6. By condition (3), we have the following exact sequence
0 // G = TX/Y // TX // f
∗TY // 0.
Then f ∗TY is numerically flat, hence TY is so, and finally there exists a finite e´tale
morphism σ : A→ Y from an Abelian variety A. Set X˜ := X×Y A, then the second
statement holds.
if TX is almost nef and X is rationally connected, then TX is a positive part
of it, hence µminα (TX) > 0 for α := H1 · · ·Hn−1. By Proposition 2.16, TX is
(H1, . . . , Hn−1)-generically ample. 
4.3. Classifications of almost nef regular foliations on surfaces.
In this section, let S be a smooth projective surface and F be an almost nef
regular foliation on S. For the classifications, we need the some of standard facts
on divisors of ruled surfaces. We summarize it in Appendix A.
4.3.1. Case of rkF = 1 and c1(F) 6= 0.
Proposition 4.8. The tangent bundle TS contains a rank 1 almost nef regular fo-
liation F with c1(F) 6= 0 if and only if S is a ruled surface over a smooth curve C
and F = −KS/C .
Proof. It follows by Theorem 4.1 and Corollary A.3. 
4.3.2. Case of rkF = 1 and c1(F) = 0.
By [Tou08, The´ore`me 1.2] and [Dru18a, Lemma 5.9], we have the following theo-
rem.
Theorem 4.9 ([Tou08, The´ore`me 1.2], [Dru17b, Chapter 1], [Dru18a, Lemma 5.9],
[PT13, Section 1.1.3]). Let X be a smooth projective variety and G be a regular
codimension 1 foliation on X with c1(G) = 0. Then one of the following holds.
(1) X is a CP1-bundle over a smooth projective variety Y with KY ≡ 0 and G is
everywhere transverse to the fiber of this CP1-bundle.
(2) There exist an Abelian variety A, a simply connected smooth projective vari-
ety Y with KY ≡ 0, and a finite e´tale cover pi : A× Y → X, such that pi
−1G
is a pullback of a codimension 1 linear foliation on A.
(3) There exist a smooth projective curve B of genus at least 2, a smooth pro-
jective variety Y with KY ≡ 0, and a finite e´tale cover pi : B×Y → X, such
that pi−1G is induced by the projection B × Y → B.
Proposition 4.10. If rkF = 1 and c1(F) = 0, then one of the followings holds.
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(1) S is a ruled surface over an elliptic surface C and F is everywhere trans-
verse to the fiber. In particular, F is a Riccati foliation and induced by the
following group representation
ρ : pi1(C) = Z
2 → Aut(CP1) = PGL(2,C).
(2) Up to a finite e´tale covering, S is an Abelian variety and F is a linear
foliation on S.
(3) Up to a finite e´tale covering, S ∼= B × C for some smooth projective curve
B of genus at least 2 and some elliptic curve C, and F is induced by the
projection B × C → B.
Proof. It follows by Theorem 4.9 and [Bru15, Chapter 4.1]. 
4.3.3. Case of rkF = 2.
In this case, F = TS. Even if TS is pseudo-effective, the classification of the
surface S is not completed. For example, we do not know whether a tangent bundle
of a blow-up of a Hirzebruch surface along the general four points is pseudo-effective
(see also [HIM19, Chapter 4]). If S is a minimal surface, we can classify S as below.
Proposition 4.11 (cf. [DPS01, Proposition 6.19]). Let S be a minimal projective
surface. TS is almost nef if and only if S belongs to the following list:
(1) Up to a finite e´tale covering, S is an Abelian variety.
(2) S is a minimal ruled surface over either CP1 or an elliptic curve.
(3) S is isomorphic to CP2.
Proof. By [KM98, Theorem 1.29], S satisfies exactly one of the following conditions:
(Case 1). KS is nef.
(Case 2). S is a minimal ruled surface over a curve.
(Case 3). S ∼= CP2.
We classify S in case 1 and 2.
(Case 1). Since TS is almost nef, by Theorem 2.17, TS is numerically flat. By Yau’s
Theorem, S is an Abelian variety up to a finite e´tale covering.
(Case 2). Let pi : S → C be a ruled surface over a curve C. Then we have
0 // TS/C = −KS/C // TS // pi
∗TC // 0.
By [LOY20, Proposition 3.8] and Corollary A.3, TS is almost nef if and only if pi
∗TC
is almost nef. Hence TS is almost nef if and only if C is CP
1 or an elliptic curve. 
5. Foliations with nef anti-canonical bundles
In this chapter, let X be a smooth n-dimensional projective variety. We study a
foliation with a nef anti-canonical bundle and give an answer to Question 1.5. For
the proof, we use the following theorem.
Theorem 5.1. [Dru19, Claim 4.3] Let F be a foliation on X. Assume that F is
regular or F has a compact leaf. If −KF is nef, then F contains an algebraically
integrable foliation G with rationally connected leaves such that KF ≡ KG.
The following theorem is a consequence of [Dru17a, Corollary 4.5].
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Theorem 5.2. [Dru17a, Corollary 4.5] Let f : Z → Y be an equidimensional dom-
inant morphism with connected fibers between normal projective varieties, ∆ be an
effective Q-divisor on Z, L be a nef Q-divisor on Z, and F be a general fiber of f .
Assume that (KZ/Y +∆+L)|F is pseudo-effective, (F,∆|F ) is lc, and KZ+∆+L is
Q-Cartier in a neighborhood of F . Then KZ/Y +∆+L−Ram(f) is pseudo-effective.
Proposition 5.3 (cf. [EIM20, Theorem 3.9]). Let F be an algebraically integrable
foliation on X. Assume that F is regular or F has a compact leaf. If −KF is nef,
then ν(F,−KF ) = ν(X,−KF ) for a general leaf F of F .
Proof. The basic idea is the same as in [EIM20, Theorem 3.9] and [EG19, Theo-
rem 4.2]. Notice that a general leaf F of F is a smooth projective variety. From
−KF |F = −KF , we have ν(F,−KF ) ≤ ν(X,−KF ). We will show that ν(F,−KF ) ≥
ν(X,−KF ).
As in Lemma 2.2, we take an equidimensonal dominant morphism f : Z → Y
with connected fibers between normal projective varieties and a birational morphism
pi : Z → X . Set g := f ◦pi−1 : X 99K Y . We take a regular point y0 ∈ Y \f(Exc(pi)∪
Ram(f)) such that g is flat at every point in F0 := g
−1(y0). Let A be an ample
divisor on X .
Claim 3. There exists a constant C > 0 such that multF0(Γ) ≤ C for any m ∈ N>0
and any effective divisor Γ with Γ ≡ A−mKF .
Proof. Set H0 := f
−1(y0). Let σ : Z
♭ → Z be a blow-up of Z along H0, ρ : Y
♭ → Y
be a blow up of Y at y0, and H
♭ (resp. G♭) be an exceptional divisor of σ (resp. ρ).
Let f ♭ : Z♭ → Y ♭ be an induced morphism. Set pi♭ := pi ◦ σ. (If codimF0 = 1, we
assume that both σ and ρ are identity maps, H♭ = H0, and G
♭ = y0.) We now have
the following commutative diagram:
Z♭
σ

f♭
//
π♭
||③③
③③
③③
③③
Y ♭
ρ

X Z
f
//πoo Y
Since f is flat at every point in H0, the square in the above diagram is cartesian. By
[Wan20, Proposition B.20], there exists an effective Q-divisor ∆♭ on Z♭ such that
pi♭
∗
KF ∼Q KZ♭/Y ♭ − Ram(f
♭) + ∆♭.
Since −KF is nef, −∆
♭ is pseudo-effective by Theorem 5.2, and finally ∆♭ = 0.
Notice that multF0(Γ) = multH♭(pi
♭∗Γ) = multf♭∗G♭(pi
♭∗Γ). Write α := multf♭∗G♭(pi
♭∗Γ).
Then pi♭
∗
Γ can be written as pi♭
∗
Γ ≡ αf ♭
∗
G♭ + E for some effective divisor E with
multf♭∗G♭E = 0. We take p ≫ 0 such that (Z
♭
y,
E
m+p
|Z♭y) is lc for a general point
y ∈ Y ♭. From
(m+ p)KZ♭/Y ♭ + E − ppi
♭∗KF ≡ pi
♭∗A− αf ♭
∗
G♭ + (m+ p)Ram(f ♭),
pi♭
∗
A − αf ♭
∗
G♭ is pseudo-effective by Theorem 5.2. Let A♭ be an ample divisor on
Z♭ and C := (π
♭∗A)A♭
n−1
(f♭
∗
G♭)A♭
n−1 . Then we obtain α ≤ C. 
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For any k ∈ N>0, we have
0 // IkF0
// Ik−1F0
// Ik−1F0 /I
k
F0
// 0.
By Claim 3 and the exact sequence above,
h0(X,A−mKF) ≤
∑
1≤k≤⌊C⌋+1
h0(F0, (A|F0 −mKF0)⊗ I
k−1
F0
/IkF0)
for any m ∈ N>0. Set ν := ν(F0,−KF0), then there exists a constant C
′ such that
h0(X,A−mKF)/m
ν ≤
∑
1≤k≤⌊C⌋+1
h0(F0, (A|F0 −mKF0)⊗ I
k−1
F0
/IkF0)/m
ν < C ′
for any m ∈ N>0, and finally ν(F,−KF ) = ν ≥ ν(X,−KF ). 
Remark 5.4. Under the same hypotheses and notations of Proposition 5.3, we have
κ(X,−KF ) ≤ κ(F,−KF ) as in [EG19, Theorem 1.2]. It is enough to show that
multF0(Γ) = 0 for any m ∈ N>0 and any effective divisor Γ with Γ ≡ −mKF .
Set β := multf♭∗G♭(pi
♭∗Γ). Then pi♭
∗
Γ can be written as pi♭
∗
Γ ≡ βf ♭
∗
G♭ + E for
some effective divisor E with multf♭∗G♭E = 0. We take p ∈ N>0 such that (Z
♭
y,
E
pm
|Z♭y)
is lc for a general point y ∈ Y ♭. From
pmKZ♭/Y ♭ + E − (p− 1)mpi
♭∗KF ≡ −βf
♭∗G♭ + pmRam(f ♭),
−βf ♭
∗
G♭ is pseudo-effective by Theorem 5.2, and finally β = 0.
Theorem 5.5 (cf. [Dru17a, Question 7.4]). Let F be a foliation on X. Assume
that F is regular or F has a compact leaf. If −KF is nef, then κ(X,−KF ) ≤ rkF .
When the equality holds, the followings hold.
(1) F is an algebraically integrable foliation with rationally connected leaves.
(2) −KF is semiample and big for a general leaf F of F .
(3) −KF is semiample and abundant.
Proof. By Theorem 5.1, there exists an algebraically integrable foliation with ratio-
nally connected leaves G ⊂ F with KF ≡ KG. By Proposition 5.3, for a general leaf
G of G,
κ(X,−KF ) ≤ ν(X,−KF ) = ν(X,−KG) = ν(G,−KG) ≤ rkG ≤ rkF .
When the equality holds, −KF is nef and abundant, F = G, and ν(X,−KF ) =
ν(F,−KF ) = dimF for a general leaf F of F . By [Dru17a, Corollary 8.4], −KF is
semiample. 
Corollary 5.6. Let F be a regular foliation on X. If −KF is nef and κ(X,−KF ) =
rkF , then there exists a smooth morphism f : X → Y such that F = TX/Y .
Proof. By Theorem 5.5, a general leaf of F is rationally connected. Therefore it
follows by [Ho¨r07, Corollary 2.11] 
Corollary 5.7. Let f : X → Y be a surjective morphism with connected fibers
between smooth projective varieties. If −KX/Y is nef and κ(X,−KX/Y ) = dimF
for a general fiber F of f , then there exists a finite e´tale morphism σ : Y ′ → Y such
that X ×Y Y
′ ∼= F × Y ′.
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Proof. Let F be a foliation induced by f . By Theorem 5.5 and [EIM20, Proposi-
tion 4.1], KX/Y = KF and −KX/Y is semiample. Therefore it follows by [Amb05,
Proposition 4.4 and Theorem 4.7]. 
Example 5.8. [EIM20, Example 6.1] Let C be an elliptic curve and D be a divisor
on C with deg(D) = 0, D 6∼ 0, and 2D ∼ 0. Set E := OC ⊕OC(D) and X := P(E).
Let f : X → C be the ruling. Then −KX/C ∼ OP(E)(2)⊗ f
∗OC(−D) and −KX/C is
nef. For any m ∈ N>0,
h0(X,−mKX/C) = h
0(C, Sym2m(OC ⊕OC(D))⊗OC(−mD))
=
m∑
i=−m
h0(C,OC(iD)) = 2⌊m/2⌋+ 1.
We thus get κ(X,−KX/C) = 1 = dimX−1. However X is not isomorphic to C×P
1.
This gives a counter-example of [Dru17a, Question 8.11].
Finally, we give a conjecture on a foliation with a nef anti-canonical bundle. Even
if −KX is nef, it is expected that the same thing as Corollary 4.7 hold.
Conjecture 5.9. Let X be a smooth n-dimensional projective variety with a nef
anti-canonical bundle and F be a foliation on X. Then F is induced by an MRC
fibration of X if and only if µminα (F) > 0 and KF ≡ KX , where α = H1 · · ·Hn−1 for
some ample divisors H1, . . . , Hn−1.
A. Appendix
In this appendix, we study divisors of a ruled surface. For more details, we refer
the reader to [Har77, Chapter 5.2]. Let C be a smooth curve, E be a rank 2 vector
bundle, pi : X := P(E) → C be the ruled surface on C, and F be a fiber of pi. By
[Har77, Proposition 2.8 and Notation 2.8.1], we may assume that H0(C,E) 6= 0 and
H0(C,E⊗L) = 0 for any line bundle L on C with degL < 0. Then the Ne´ron-Severi
group NS(X) is generated by ξ := c1(OP(E)(1)) and f := c1(F ). Set e := − degE,
then ξ2 = deg(E) = −e, ξf = 1, and f 2 = 0.
Proposition A.1. [Har77, Proposition 2.20 and Proposition 2.21] Let D be a divisor
on X with c1(D) = aξ + bf .
(1) If e ≥ 0, then D is ample if and only if a > 0 and b > ae.
(2) If e < 0, then D is ample if and only if a > 0 and 2b > ae.
Since X is surface, a movable cone of X is a closure of an ample cone of X , hence
we have the following proposition.
Proposition A.2. Let D be a divisor on X with c1(D) = aξ + bf .
(1) If e ≥ 0, then D is pseudo-effective if and only if a ≥ 0 and b ≥ 0.
(2) If e < 0, then D is pseudo-effective if and only if a ≥ 0 and 2b ≥ ae.
Corollary A.3. −KX/C is nef if and only if e ≤ 0, and −KX/C is big if and only
if e > 0. In particular, −KX/C is pseudo-effective.
Proof. From −KX/C ∼ OP(E)(2)⊗pi
∗(detE∨), we have c1(−KX/C) = 2ξ+ ef , which
completes the proof by Proposition A.1 and A.2. 
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